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Abstract
We contribute to the subject of the physical interpretation of exact
solutions by characterizing them through a systematic study in terms
of unambiguous physical concepts coming from systems in linearized
gravity. We use the physical meaning of the leading order behavior
of the Weyl spinor components Ψ00, Ψ
0
1 and Ψ
0
2 and of the Maxwell
spinor components φ00 and φ
0
1 and integrate from future null infinity
inwards the exact field equations. In this way it is assigned an unam-
biguous physical meaning to exact solutions and we indicate a method
to generalize the procedure to radiating spacetimes.
1 Introduction
The problem of constructing an adequate dynamical description of a system
of gravitating compact objects has received much attention recently. Several
different approaches can be distinguished to tackle this problem. They range
from post-Newtonian schemes, which can handle systems with low relative
velocities, to numerical methods that confront the problem of solving the
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full Einstein equations; by evolving some given initial data on a spacelike
hypersurface.
There are however other approaches that intend to use mainly an evo-
lution in terms of characteristic surfaces. In the past we have suggested a
set of sections at future null infinity(I+), the so called “nice sections”[1],
that define asymptotically, in the interior of the spacetime, a set of appropri-
ate characteristic surfaces for this task. Very recently we have proved that
this sections exist globally on I+, and that they have the expected correct
behavior[2][3].
In all these approaches it is important to know how to characterize the
physical system one has in mind in terms of the physical fields. For example,
there is growing interest in the study of collisions of compact objects and
the generation of gravitational radiation in these processes. If one tries to
describe its evolution in terms of characteristic data, one is faced with the
problem of ascribing to the asymptotic physical fields the information of the
physical system in the interior of the spacetime.
In this article we would like to contribute on the understanding of our
approach by concentrating on the problem of the physical meaning of the
asymptotic fields at future null infinity. The point is that if one has a pre-
ferred set of sections at I+, or equivalently a preferred set of characteristic
hypersurfaces, one should also know how to read or introduce initial data
with the desired physical meaning. We know how to ascribe unambiguous
physical meaning to the fields in the context of linearized gravity; however
one encounters some difficulties when one wants, for example, to give an
unambiguous physical meaning to total angular momentum in a spacetime
admitting gravitational radiation[4][5].
One possibility for the study of a system with compact objects is to try
to build a framework that uses a finite set of degrees of freedom; which are
determined by the finite parameters determining the compact objects. In
this approach one would need to know how to read this structure from the
physical fields, in particular, the asymptotic geometric fields at future null in-
finity. More concretely, if the system consists of two compact objects; which
are characterized by their respective mass, momentum, intrinsic angular mo-
mentum and their relative position; one would need to relate this structure,
of the interior of the spacetime, with the structure of the asymptotic fields.
The present work is a contribution on this relation.
In some realistic astrophysical systems there is an initial era in which the
gravitational radiation is very small; as for example is the case of a coalescent
binary system. When the compact objects are very far apart and with small
relative velocities, one would like to resort to properties of each compact
object. In this regime, the quantities describing these properties, should
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have a clear counterpart in the corresponding description of the system in
linearized gravity. And it should be noted that the concepts constructed
in linearized gravity have a natural extension to non-radiating spacetimes;
where the supertranslation gauge freedom can be fixed. The first task is then
to understand the relation between the structure of the sources and that of
the asymptotic fields when there is no gravitational radiation.
Consequently, in this paper we start to study the issue by restricting our-
selves to the case of stationary spacetimes. We construct a relation between
the structure of the asymptotic fields, for systems with compact objects, with
the structure of the internal fields coming from Einstein equations. More
concretely, we integrate “inwards”, from I+, the exact field equations from
appropriate asymptotic data. These asymptotic data are suggested by the
analysis of the corresponding system in linearized gravity, where one has the
unambiguous physical interpretation provided by the background metric.
We make extensive use of the null tetrad formalism[7], following the no-
tation defined by Geroch, Held, and Penrose in [8] (which we refer to as
GHP). The explicit form of the spin coefficients, Einstein equations, and the
Bianchi identities can be found in [8] and [9]. In the next section we define
the null tetrads upon which our calculations are based. Two definitions of
tetrads and associated coordinate systems are given for asymptotically flat
spacetimes.
In section 3 we analyze the properties of asymptotic fields in linearized
gravity. In subsections 3.1 and 3.2 we study the asymptotic structure of the
Weyl tensor, and the Maxwell fields respectively.
Motivated by the results of 3.1 we give, in section 4, the definitions of
monopolar spacetimes and monopolar spacetimes with angular momentum.
We find all the exact solutions satisfying these definitions.
In section 5 we generalize the results of the previous section to the case of
Einstein-Maxwell solutions, and we give the definitions of monopolar space-
times with charge and monopolar spacetimes with angular momentum and
charge respectively. We also find the exact solutions satisfying these last
definitions.
2 Standard tetrads and rotating tetrads of
future asymptotically flat space-times
2.1 Standard Tetrad
Our studies are all concerned with asymptotically flat spacetimes at future
null infinity. The first task is to define the appropriate null tetrads in terms of
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which we express Einstein equations in the GHP formalism. It is convenient
to introduce the notion of standard and rotating null tetrads which are defined
in terms of the asymptotic structure of the spacetime.
In Appendix B, we present the basic equations associated to a general null
tetrad adapted to an arbitrary null congruence, where it is shown how a local
coordinate system can be constructed based on an appropriate hypersurface
Σ. In this section we make the analogous construction taking null infinity as
our preferred hypersurface. We assume null infinity (I+) to have the topology
of S2 × R[9]. Therefore, we can make use of a coordinate system (u˜, x˜2, x˜3)
on I+ (where u˜ corresponds to a coordinate along the generators of I+ and
x˜2 , x˜3 coordinatize the sphere S2). In this way the equation u˜ = constant
determines a family of smooth sections on I+ which we shall denote by Su.
Conversely given any smooth family of sections on I+, labeled by u˜, one can
construct the coordinate system (u˜, x˜2, x˜3) at I+, such that the coordinates
(x˜2, x˜3) are constant along the generators of I+.
Let Su be a given smooth family of sections of I+. One can extend the
coordinate system (u˜, x˜2, x˜3) into the interior of the spacetime by considering
the null geodesics in the interior reaching each Su orthogonally. For each u˜,
this family of null geodesics generates a null surfaceNu; we define the function
u in the interior of the spacetime such that it is constant on each Nu, and
u = u˜ at I+. Similarly, we define the coordinates (x2, x3) in a neighborhood of
I+, such that they are constant along the generators of Nu, and x2 = x˜2 and
x3 = x˜3 at I+. The fourth coordinate r is taken as an affine parameter along
the generators of Nu. In this manner we obtain a suitable coordinate system
(u, r, x2, x3) in a neighborhood of I+. By construction this null congruence
is surface-forming, i.e., the null vector field ℓa = (du)a is tangent to the null
geodesics for which r is an affine parameter, i.e., ℓa =
(
∂
∂ r
)a
. Latin indices
will be understood as abstract indices unless otherwise stated.
Now we construct the null tetrad (ℓa, na, ma, m¯a) following the path de-
scribed in appendix B.
In order to complete the definition of the null tetrad, that we shall call
standard, additional conditions must be required. First we impose that the
vector ma (and its complex conjugate) satisfies
m (u) = m (r) = 0. (1)
This is always possible by means of null rotations of type I and II, see ap-
pendix A.
Then we require the coordinate system (u˜, x˜2, x˜3) at infinity to be Bondi-
like; i.e., such that the restriction of the conformal metric tensor to I+ is
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given by
g˜+ = − 4dζdζ¯(
1 + ζζ¯
)2 , (2)
where we are using the stereographic coordinates ζ = 1
2
(x˜2 + ix˜3) on the
sphere.
Under a tetrad rotation of the form ma → eiθma the spin coefficient ǫ
transforms in the following way:
ǫ→ ǫ+ 1
2
iℓ (θ) . (3)
The spin coefficient ǫ is pure imaginary, since ℓa is geodesic1; therefore, it is
possible to choose θ such that ǫ vanishes. The second condition is then ǫ = 0.
There is still a freedom in the choice of θ, namely, we can add any arbitrary
function θ0 independent of r. This freedom represents a rotation at infinity
which allows us to take
ma =
√
2P0
r
(
∂
∂ζ
)a
+O
(
1
r2
)
, (4)
where P0 =
1
2
(
1 + ζζ¯
)
.
Finally, the affine parameter r is undetermined by an additive function
r0 (u, x
2, x3); which we fix by the requirement
ρ = −1
r
+O
(
1
r3
)
; (5)
which is equivalent to think of r as the luminosity distance. This choice of r
not only simplifies ρ, but also gives it physical relevance.
The leading terms X20 and X
3
0 (which are independent of r), of the asymp-
totic expansion of the components of the null vector na (see (45)), vanish
because of the definition of the asymptotic coordinates and the fact that the
vector field na is tangent to I+. It can be seen that X00 has the unit value
in this case; due to the fact that naℓa = 1 and ℓ = du[9].
In appendix B we present the equations imposed by the torsion-free and
metric conditions on the connection for a general tetrad associated to a null
congruence. The corresponding relations for a standard tetrad are easily
obtained by setting ω = 0, ξ0 = 0, ρ = ρ¯, κ = 0, and ǫ = 0 in those
equations.
1The real part of ǫ is proportional to naℓb∇bla.(see definition of the spin coefficients in
[8])
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2.2 Rotating Tetrad
Although it is always possible to construct a standard tetrad in a neighbor-
hood of null infinity for any asymptotically flat spacetime, in certain cases
it will be more convenient to work with null tetrads adapted to a twisting
congruence of null geodesics. In this section we define the notion of rotating
tetrad, as a particularization of the general tetrad given in appendix B.
The fundamental condition imposed on the rotating tetrad is the vanishing
of the leading asymptotic term of one of the Weyl tensor components, namely
lim
r→∞
r4ψ1 ≡ ψ01 = 0, (6)
where ψ1 = Cabcdℓ
anbℓcmd. This can be achieved by noting that at the section
Su one can construct a congruence of null geodesics such that ψ1 = 0 on Su
by appropriately choosing the corresponding twist of the congruence at I+.
The resulting congruence fails to be surface forming (ρ− ρ¯ 6= 0). Additional
conditions must be imposed in order to completely determine the tetrad and
it associated coordinate system.
As in the case of the standard tetrad we take Bondi-coordinates (u˜, x˜2, x˜3)
at I+. The ’origin’ of the coordinate r (affine parameter along the twisting
geodesics) it is chosen in such a way that
ρ+ ρ¯ = −2
r
+O
(
1
r3
)
. (7)
This condition is analogous to the one imposed to the standard tetrad in eq.
(5).
It is again possible to choose the vector ma satisfying m (r) = 0 (see
appendix A). In this case the tetrad can also be chosen such that ǫ = 0,
in an analogous way as in the previous case for the standard tetrad. The
remaining freedom encoded in θ0, in the transformation m
a → eiθma, is fixed
by requiring
ξ20 =
√
2P0
r
+O
(
1
r2
)
, (8)
ξ30 = −i
√
2P0
r
+O
(
1
r2
)
; (9)
which is equivalent to condition (4). From the definition of the asymptotic
coordinate system, one can show that the leading terms in the asymptotic
expansion of the components of na take the values
X00 = 1, X
2
0 = 0, X
3
0 = 0, (10)
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for any asymptotically flat spacetime. The torsion-free and metric conditions
for the rotating tetrad can be obtained, from the general equations appearing
in the appendix B by setting ω = 0, κ = 0, and ǫ = 0. Finally let us point out
that the notion of rotating tetrad exists for any asymptotically flat spacetime,
and coincides with that of the standard tetrad when ψ01 vanishes.
3 Linearized gravity
3.1 TheWeyl Tensor in Stationary Asymptotically Flat
Space-times (Vacuum case).
In this section we analyze the asymptotic structure of the Weyl tensor in
linearized gravity for isolated systems. The results obtained here will provide
physical motivation for the asymptotic conditions required by the definitions
that will be made in sections 4 and 5. The study is based on the restrictions
imposed on the curvature by the Bianchi identities. These restrictions define
the multipolar structure of the geometry of an isolated system in linearized
gravity.
We use a null coordinate system, and the corresponding null tetrad (ℓa, na,
ma, m¯a) adapted to a congruence of hypersurface-orthogonal, shear free, null
geodesics of Minkowski spacetime. These conditions imply that this null
coordinate system is the one defined by the null cones emanating from
an arbitrary world line γ(u) given by the equation xµ = zµ (u); where
µ = 0, 1, 2, 3. In our case we take zµ (u) = uδµ0 . The usual Cartesian coor-
dinates (xµ) = (t, x, y, z) are related to the null polar coordinates
(
u, r, ζ, ζ¯
)
by xµ = zµ (u) + r lµ
(
ζ, ζ¯
)
, where lµ
(
ζ, ζ¯
)
is the null vector in Minkowski
spacetime pointing in the direction given by ζ and ζ¯, where (lµ) = 1
2P0
(1 +
ζ¯ζ, ζ+ ζ¯ , i(ζ¯ − ζ),−1+ ζζ¯). In terms of the above coordinate system the line
element is ds2 = du2 + 2dudr− r2 dζdζ¯
P 2
0
, and the null tetrad becomes:
ℓa =
(
∂
∂r
)a
, (11)
na =
(
∂
∂u
)a
− 1
2
(
∂
∂r
)a
, (12)
ma =
√
2P0
r
(
∂
∂ζ
)a
. (13)
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The non-vanishing spin coefficients corresponding to our null tetrad are:
ρM = −1r , ρ′M = 12r , and βM = β¯ ′M = − 1r√2 ∂P∂ζ .
We assume that the energy-momentum tensor of linearized gravity is
stationary and has compact support; therefore, the field equations have no
sources in a neighborhood of I+.
The linearized Bianchi identities depend only on the spin coefficients of
Minkowski spacetime. In a regular asymptotically flat spacetime[9] the Weyl
components ψj with (j = 0, 1, 2, 3, 4) are given by the following asymptotic
series in negative powers of r
ψj =
∑
n=0
ψnj
r(n+5−j)
, (14)
where the ψnj are independent of r.
The radial Bianchi identities, (see equations (3.88-3.91) in [9]), restrict
the asymptotic series in r for the components of the Weyl tensor to:
ψ1 =
ψ01
r4
− ð0ψ
0
0
r5
− 1
2
ð0ψ
1
0
r6
− 1
3
ð0ψ
2
0
r7
− 1
4
ð0ψ
3
0
r8
+ . . . , (15)
ψ2 =
ψ02
r3
− ð0ψ
0
1
r4
+
1
2
ð
2
0ψ
0
0
r5
+
1
2× 3
ð
2
0ψ
1
0
r6
+
1
3× 4
ð
2
0ψ
2
0
r7
+ . . . , (16)
ψ3 =
ψ03
r2
− ð0ψ
0
2
r3
+
1
2
ð
2
0ψ
0
1
r4
− 1
2× 3
ð
3
0ψ
0
0
r5
+
1
2× 3× 4
ð
3
0ψ
1
0
r6
+ . . . , (17)
ψ4 =
ψ04
r
− ð0ψ
0
3
r2
+
1
2
ð
2
0ψ
0
2
r3
− 1
2× 3
ð
3
0ψ
0
1
r4
+
1
2× 3× 4
ð
4
0ψ
0
0
r5
+ . . . , (18)
where the operators ð0, and ð0 represent the edth operators on the unit
sphere[13][10] in the GHP notation[8].
New restrictions on theWeyl components come from the non-radial Bianchi
identities, corresponding to the primed eqs.(3.88-3.93) in [9]. These restric-
tions fix the angular dependence of the Weyl components in the following
way:
ψ0 =
∑
ℓ=2
ℓ∑
m=−ℓ
aℓm
rℓ+3
2Ylm, (19)
8
ψ01 =
1∑
m=−1
bm 1Y1m, (20)
ψ02 = −M, (21)
where the sYℓm are generalized spherical harmonics of spin weight s[13], and
aℓm, bm together with M are constants. From the stationarity requirement
and the Bianchi identities one can see that the remaining leading order terms
ψ03 and ψ
0
4 vanish[9].
This constitutes the multipolar structure of stationary isolated systems
in linearized gravity.
3.2 The Electromagnetic Tensor
In linearized Einstein-Maxwell theory Maxwell equations are directly solved
on the flat Minkowski background. In this section we recall the well known re-
sult of the multipolar decomposition of the electromagnetic field in Minkowski
spacetime in terms of the null tetrad formalism. The results will be used in
section 5 to define the asymptotic data of the Maxwell fields for the exact
Einstein-Maxwell equations.
The components of the electromagnetic tensor in the null tetrad are
φ0 ≡ Fabℓamb, φ1 ≡ 12Fab
(
ℓanb + m¯amb
)
and φ2 ≡ Fabm¯anb. The radial
dependence of the electromagnetic field of compact sources is determined by
the un-primed Maxwell equations in the Newman-Penrose formalism[8][15].
If we denote the asymptotic series of φ0 by
φ0 =
∑ φ i0
r3+i
, (22)
then the other components are given by:
φ1 =
q
r2
− ð0φ
0
0
r3
− 1
2
ð0φ
1
0
r4
− 1
3
ð0φ
2
0
r5
· · · , (23)
φ2 =
φ02
r
− ð0φ
0
1
r2
+
1
2
ð
2
0φ
1
0
r3
+
1
6
ð
2
0φ
2
0
r4
· · · (24)
Finally, the solution of all the Maxwell equations for the case of stationary
compact sources has the following structure:
φ0 =
∑
µm 1Y1m
r3
+
∑
Qm 1Y2m
r3
+ . . . , (25)
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φ1 =
q
r2
+ . . . , (26)
φ2 = O
(
1
r3
)
, (27)
where µm, Qm, and q are constants, corresponding to the dipolar moment,
quadrupolar moment, and charge of the Maxwell field respectively. The
component φ02 corresponds to electromagnetic radiation. In the stationary
case one has φ02 = 0.
4 Vacuum exact solutions
In section 3.1 we studied the asymptotic structure of the Weyl tensor required
by the Bianchi identities in linearized gravity. The structure of a compact
object in linearized gravity appears in the asymptotic expansion of the Weyl
tensor as a multipolar series in inverse powers of the radial coordinate. Now
we look for exact solutions of Einstein equations that have the analogous
asymptotic structure. The vacuum exact solutions that are characterized by
the restrictions imposed by the asymptotic structure of compact sources in
linearized gravity are given by the following definitions.
4.1 Monopolar spacetime
Definition 1 We call a spacetime monopolar if it is a stationary, vacuum
asymptotically flat, solution of Einstein equations and, in addition, the fol-
lowing conditions hold in the standard tetrad defined in section (2.1), namely:
ψ0 = ψ
0
1 = 0, and ψ
0
2 6= 0.
The conditions ψ0 = 0 and ψ
0
1 = 0 correspond to the requirement that the
spacetime does not have further structure than mass (recall that according to
our results of section (3.1) in linearized gravity ψ0 is where quadrupolar and
higher momenta are encoded, while ψ01 corresponds to the angular momentum
data).
It turns out that the definition of monopolar spacetimes is strong enough
to single out a family of solutions of the Einstein equations. The result is
expressed in the following theorem.
Theorem 1 The solutions to the vacuum Einstein equations which are station-
ary, asymptotically flat, and in the standard tetrad ψ0 = ψ
0
1 = 0, and ψ
0
2 6= 0, are
given by the one-parameter family of Schwarzschild spacetimes. Alternatively, a
10
spacetime is monopolar, in the sense given by the definition above, if and only if
it belongs to the one-parameter family of Schwarzschild geometries.
Proof: We start with Sachs equations, the optical scalars equations in the
GHP formalism, that in this case reduce to:
∂ρ
∂r
= ρ2 + σσ¯ ,
∂σ
∂r
= 2ρσ. (28)
This set of equations are solved by
σ =
σ0
r2 − σ0σ¯0 , ρ =
−r
r2 − σ0σ¯0 ; (29)
where σ0 does not depend on r.
The Bianchi identity involving the radial derivative of ψ1[9] reduces to
∂ψ1
∂r
= 4ρψ1; (30)
which implies that ψ1 =
ψ0
1
(r2−σ0σ¯0)2 . The definition of monopolar spacetime
requires that ψ01 = 0; therefore, ψ1 must vanish. At this point, the hypoth-
esis of the Goldberg-Sachs theorem are fulfilled, and consequently the shear
σ must vanish. This implies that the spacetime is shear free algebraically
special of type II. The only vacuum shear free, algebraically special solu-
tion of type II are the Robinson-Trautman spacetimes[14]; and among the
Robinson-Trautman solutions the only stationary ones are the Schwarzschild
geometries.
4.2 Monopolar spacetime with angular momentum
The next step is to introduce angular momentum in our definitions. The
existence of angular momentum is given, in the standard tetrad, by a non-
vanishing ψ01. As we pointed out in our definitions of null tetrads in this
case we have the possibility of defining a spacetime with angular momentum
in either the standard tetrad or the rotating tetrad, since they differ when
ψ01 6= 0. In this section we study the implications of both alternatives in the
following definitions of monopolar spacetimes with angular momentum.
Definition 2 A spacetime is called monopolar with angular momentum
(type a) when it is a stationary, vacuum, locally asymptotically flat2 so-
lution of Einstein equations, and in addition, its Weyl tensor in the standard
tetrad satisfies thatψ01 6= 0, ψ02 6= 0, ψ0 = 0.
2By locally asymptotically flat it is meant that the conditions for asymptotic flatness
of [9] are satisfied locally at I+. In particular it might be that future null infinity is not
complete.
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Starting with the asymptotic conditions imposed by the previous defini-
tion one proceeds to integrate inwards the Einstein equations from future
null infinity. The result of these calculations are presented in the following
theorem.
Theorem 2 The spacetimes which are monopolar with angular momentum
(type a) are the stationary Newman-Tamburino solutions.
Proof: One can easily see that the definition 2a implies
ψ0 = ρ− ρ¯ = 0, (31)
ρ2 6= σσ¯ , ρ 6= 0, (32)
∇[aℓb] = 0, (33)
ψ01 6= 0. (34)
These equations constitute the complete characterization of the Newman-
Tamburino solutions[14]. Since the definition requires the spacetime to be
stationary, one concludes that the spacetimes which are monopolar with
angular momentum of type a are determined by the stationary Newman-
Tamburino solutions.
These solutions are not asymptotically flat in all null future directions
and therefore do not describe the type of physical systems in which we are
interested. This result suggests that the twist-free standard tetrad might not
be well suited to the study of spacetime geometries with angular momentum.
In the following definition we apply our strategy making use of the rotating
tetrad.
Definition 3 A spacetime is called monopolar with angular momentum
(type b) when it is a stationary, vacuum, locally asymptotically flat solu-
tion of Einstein equations, and, in addition, its Weyl tensor in the rotating
tetrad satisfies that ψ02 6= 0 and ψ0 = 03.
These spacetimes are characterized by:
3In both definitions we take ψ0 = 0 as we did in Definition 1 in order to introduce no
further multipole moments.
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Theorem 3 The spacetimes which are monopolar with angular momentum
(type b) correspond to the spherical Kerr family. The following are the ex-
pressions for the components of the null tetrad.
ξi =
ξi0
(r − ia cos (θ)) , (35)
X i = δi0 −
(
τ0ξ¯
i
0 + τ¯0ξ
i
0
)
(r2 + a2 cos2 (θ))
, (36)
U = −1
2
− τ0τ¯0
(r2 + a2 cos2 (θ))
+
Mr
(r2 + a2 cos2 (θ))
, (37)
with ξ00 = −τ0 = ið0 (a cos (θ)). The parameters M and a are the mass and
angular momentum parameter respectively.
We refer the reader to the Appendix C where this theorem is proved.
5 Einstein-Maxwell exact solutions
Our construction for vacuum spacetimes can be generalized to the electrovac
case using the same idea of giving asymptotic data defined by the study of
fields in the linear theory where their physical interpretation is available. In
section 3.2 we have described the structure of the asymptotic electromagnetic
field in terms of a null tetrad. Previously we have showed, in the vacuum
case, that imposing analogous asymptotic conditions we can single out certain
families of exact solutions. In this section we continue with the program,
and combining the linear analysis of Weyl and electromagnetic tensors we
give new definitions of Einstein-Maxwell space-times which generalizes the
previous results.
In the following definition we start by adding charge to the Monopolar
spacetimes.
Definition 4 We define a spacetime to be monopolar with charge when it is
a stationary asymptotically flat solution of Einstein-Maxwell equations such
that in the standard tetrad its Weyl and electromagnetic tensor satisfy the
following asymptotic conditions: ψ0 = ψ
0
1 = 0, ψ
0
2 6= 0 and φ0 = 0, φ01 6= 0.
The condition φ0 = 0 rules out higher multipole moments in the electromag-
netic field in the spirit of the linearized analysis.
The restrictions imposed by the previous definitions are reflected by the
following theorem.
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Theorem 4 The stationary, asymptotically flat solutions of the Einstein-Maxwell
equations such that in the standard tetrad ψ0 = ψ
0
1 = 0 , ψ
0
2 6= 0 , φ0 = 0, and
φ01 6= 0 are given by the two-parameter family of Reissner-Nordstrom spacetimes.
Alternatively, using the definition given above, a spacetime is monopolar with
charge if and only if it belongs to the Reissner-Nordstrom family.
We will give a full proof of the following theorem which generalizes the
previous one. In the sequel we introduce charge to the Monopolar spacetimes
with angular momentum.
Definition 5 We define a spacetime to be monopolar with charge and angu-
lar momentum when it is a stationary asymptotically flat solution of Einstein-
Maxwell equations such that in the rotating tetrad its Weyl and electromag-
netic tensor satisfy the following asymptotic conditions: ψ0 = 0, φ0 = 0, and
φ1 6= 0.
These spacetimes are characterized by the following theorem.
Theorem 5 The stationary, asymptotically flat solutions of the Einstein-Maxwell
equations such that in the rotating tetrad ψ0 = 0, and φ0 = 0 are given by the
three-parameter family of Kerr-Newman spacetimes. Alternatively, a spacetime
is monopolar with charge and angular momentum if and only if it belongs to the
Kerr-Newman family. The following components of the null tetrad are given by
ξi =
ξi0
(r − ia cos (θ)) , (38)
X i = δi0 −
(
τ0ξ¯
i
0 + τ¯0ξ
i
0
)
(r2 + a2 cos2 (θ))
, (39)
U = −1
2
− (τ0τ¯0 + qq¯)
(r2 + a2 cos2 (θ))
+
Mr
(r2 + a2 cos2 (θ))
, (40)
with ξ00 = −τ0 = ið0 (a cos (θ)). The parameters M , a, and q are the mass,
angular momentum parameter, and charge respectively.
We refer the reader to the second part of the Appendix C where this
theorem is proved.
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Higher Momenta: In all the previous definitions we have required the
vanishing of the Weyl component ψ0. The motivation for these requirement
comes from the study in linearized gravity of the multipolar structure of
compact sources. In section 3 we showed that in the linear vacuum theory
ψ0 contains information concerning quadrupolar and higher momenta of the
gravitational field. In the spirit of this work, the condition ψ0 = 0 was im-
posed in order to exclude the possibility of having higher momenta, and in
this way, to give a model of particle in general relativity. One can show that
in the linearized Einstein-Maxwell problem it is possible to include charge
without breaking this structure (as we did in the previous definitions). How-
ever, if one tries to introduce higher multipolar terms in the Maxwell field
one has to necessarily abandon the condition ψ0 = 0. For example, in lin-
earized gravity, if one includes a dipolar momentum µ in the Maxwell field
(i.e., if one takes φ1 =
µ
r3
) then the Bianchi identities require for ψ0 that
3ψ10 + ð0ð0ψ
1
0 = −2ð0µð0µ¯. In order to include a dipolar Maxwell field one
has to necessarily include higher momenta in the gravitational field.
6 Final comments
We have succeeded in obtaining exact solutions of Einstein equations start-
ing with asymptotic data with a natural physical interpretation in linearized
gravity. These data were designed to mimic the structure of well understood
solutions of linearized gravity representing compact objects, where the pres-
ence of the Minkowski background metric provides means of unambiguous
physical interpretation.
In the description of systems with angular momentum the results of sec-
tion 2.2 show the convenience of the notion of the rotating tetrad (a twisting
null tetrad chosen to annihilate the leading asymptotic component of ψ1).
It is striking that the physically most relevant stationary Einstein-Maxwell
solutions representing isolated systems are recovered by means of our method.
Finally, this work suggests the possibility of generalizing the method to
non-stationary asymptotically flat spacetimes. As it is shown in reference [2]
there is a preferred family of sections of I+, the nice sections, that represent
the notion of instantaneous rest frame for asymptotically flat spacetimes. We
would like to extend our construction to non-stationary cases by basing the
null tetrads on these family of sections. In this way we expect to be able
to contribute to the construction of an approximation scheme, suitable for
the description of the dynamics of compact objects in general relativity, by
means of a model with a finite number of degrees of freedom (mass, angular
momentum, etc.).
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A Tetrad transformations
The freedom in choosing a null tetrad satisfying the normalization conditions
ℓana = −mama = 1, where all other contractions vanish, is given by the
following transformations[16]:
Transformation of type I
ℓa → ℓa,
ma → ma + Γℓa,
na → na + Γma + Γma + ΓΓℓa.
Transformation of type II
na → na,
ma → ma + Λna,
ℓa → ℓa + Λma + Λma + ΛΛna.
Transformation of type III
ℓa → Zℓa,
na → Z−1na,
ma → eiθma,
where Γ and Λ are complex scalars, whereas Z and θ are real. Therefore, we
have six real scalar representing the degrees of freedom of the local Lorentz
rotations.
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B General tetrad associated to a null congru-
ence
This appendix contains the equations relating the spin coefficients, in the
GHP formalism, with the null tetrad components associated with the coor-
dinate system adapted to a real null vector field ℓa, in the sense explained
below. The equations corresponding to the null tetrads used throughout this
paper can be simply obtained by setting certain coefficients to zero according
to the following rules. In order to obtain the equations in the standard tetrad
of section 2.1 set ω = ξ0 = ρ− ρ¯ = κ = ǫ = 0 in the equations for the general
tetrad presented in this appendix. Set ω = κ = ǫ = 0 to obtain the relations
among spin coefficients in the rotating tetrad.
The coordinate r is chosen such that the vector field ℓa is given by:
ℓa =
(
∂
∂ r
)a
. (41)
Let Σ be a hypersurface such that the integral lines of the vector field ℓa
intercept Σ only once. Let
{
tˆ, xˆ2, xˆ3
}
be a coordinate system on Σ; then, in
a neighborhood of Σ one can define coordinates { t, r, x2, x3} such that on Σ
t = tˆ , x2 = xˆ2 , x3 = xˆ3, (42)
and { t, x2, x3} are constant along the integral lines of ℓa.
In this coordinate system the remaining three null vectors are given by:
ma = ω
(
∂
∂r
)a
+ ξi
(
∂
∂xi
)a
, (43)
m¯a = ω¯
(
∂
∂r
)a
+ ξ¯i
(
∂
∂xi
)a
, (44)
na = U
(
∂
∂r
)a
+X i
(
∂
∂xi
)a
, (45)
where the index i takes the values i = 0, 2, 3; the vector na is real and m¯a
represents the complex conjugate of ma.
The corresponding representation of the dual null tetrad is given by:
ℓa =
1
d
ǫijkξ
j ξ¯k
(
dxi
)
a
, (46)
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ma =
1
d
ǫijkξ
jXk
(
dxi
)
a
, (47)
na =
1
d
ǫijk
[
Uξ¯jξk + ωXj ξ¯k + ω¯ξjXk
] (
dxi
)
a
+ (dr)a , (48)
where d ≡ ǫijkX iξj ξ¯k, ǫijk = ǫ[ijk] with i, j, k = 0, 2, 3, and ǫ023 = 1.
The torsion free condition on the covariant derivative relates the commu-
tator of the tetrad vectors and the spin coefficients4, which are:
[ℓ,m]a = (ρ¯+ ǫ− ǫ¯)ma + σm¯a + (β¯ ′ − β − τ¯ ′) ℓa − κna, (49)
[ℓ, n]a = (ǫ′ + ǫ¯′) ℓa + (τ − τ¯ ′) m¯a + (τ¯ − τ ′)ma − (ǫ+ ǫ¯)na, (50)
[n,m]a = (−ǫ′ + ǫ¯′ + ρ′)ma + σ¯′m¯a − κ¯′ℓa + (β − β¯ ′ − τ)na, (51)
[m, m¯]a = (ρ− ρ¯)na +
(
ρ¯
′ − ρ′
)
ℓa +
(
β¯ + β ′
)
ma − (β + β¯ ′) m¯a. (52)
Writing these expressions in terms of the coordinate basis, one obtains the
following equations:
Ur =
(
ǫ
′
+ ǫ¯
′
)
+
[(
τ − τ¯ ′
)
ω¯ +
(
τ¯ − τ ′
)
ω
]
− U (ǫ+ ǫ¯) , (53)
X ir =
(
τ − τ¯ ′
)
ξ¯i +
(
τ¯ − τ ′
)
ξi − (ǫ+ ǫ¯)X i, (54)
ωr = (ρ¯+ ǫ− ǫ¯)ω + σω¯ +
(
β¯
′ − β − τ¯ ′
)
− κU, (55)
ξir = (ρ¯+ ǫ− ǫ¯) ξi + σξ¯i − κX i, (56)
4The definition of the spin coefficients in terms of the covariant derivative of the ele-
ments of the null tetrad can be found in ref. [8].
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Uωr +X
kωk − ωUr − ξkUk =(
β − β¯ ′ − τ)U − κ¯′ − (ǫ′ − ǫ¯′ − ρ′)ω + σ¯′ω¯, (57)
Uξir +X
kξik − ωX ir − ξkX ik =(
β − β¯ ′ − τ)X i − (ǫ′ − ǫ¯′ − ρ′) ξi + σ¯′ξ¯i (58)
ωω¯r + ξ
pω¯p − ω¯ωr − ξ¯pωp =
(ρ− ρ¯)U + (ρ¯′ − ρ′) + (β¯ + β ′)ω − (β + β¯ ′) ω¯ (59)
ωξ¯ir + ξ
pξ¯ip − ω¯ξir − ξ¯pξip =
(ρ− ρ¯)X i + (β¯ + β ′) ξi − (β + β¯ ′) ξ¯i, (60)
where the sub-indices represent the corresponding coordinate derivative. The
previous equations are the ones that allow us to integrate the components of
the null tetrad once we have found the spin coefficients that solve Einstein
equations in the GHP formalism.
Putting the spin coefficients in terms of the tetrad components, one ob-
tains:
ρ =
1
2d
[
dr + ǫijk
[(
ωξ¯ir + ξ
lξ¯il − ω¯ξir − ξ¯lξil
)−X ir] ξj ξ¯k] , (61)
σ = −ǫijk
d
ξir ξ
j Xk, (62)
τ =
ǫijk
2d
[
X ir
(
Xjξk + ωξj ξ¯k
)
+
ξirX
j
(
ω¯ξk − ωξ¯k)+ (ξlX il −X lξil) ξj ξ¯k]− ωr2 , (63)
κ = −ǫijk
d
ξirξ
j ξ¯k, (64)
ρ′ = −ǫijk
2d
{(
ωξ¯ir + ξ
lξ¯il − ω¯ ξir − ξ¯lξil
)×(
Uξ¯jξk + ωXj ξ¯k + ω¯ξjXk
)
+[(−Uξir −X lξil + ωX ir + ξlX il ) ξ¯jXk+(
Uξ¯ir +X
lξ¯il − ω¯X ir − ξ¯lX il
)
ξjXk
]}
− 1
2
(
ωω¯r + ξ
lω¯l − ω¯ωr − ξ¯lωl
)
, (65)
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σ′ =
1
d
ǫijk
(
Uξ¯ir +X
lξ¯il − ω¯X ir − ξ¯lX il
)
ξ¯jXk, (66)
τ ′ =
ǫijk
2d
[
X ir
(
Xj ξ¯k − ω¯ξ¯jξk) +
ξirX
j
(
ω¯ξk − ωξ¯k)+ (ξ¯lX il −X lξ¯il) ξ¯jξk]− ω¯r2 , (67)
κ′ = ω¯Ur + ξ¯
kUk −
(
Uω¯r +X
kω¯k
)
+
ǫijk
d
{[
X irω¯ +X
i
l ξ¯
l − ξ¯irU − ξ¯ilX l
]
[
Xj
(
ωξ¯k − ω¯ξk)+ ξ¯jξkU]} , (68)
β =
1
4d
ǫijk
[
X ir
(
Xjξk − ξj ξ¯kω)−X il ξlξiξ¯k
+ ξir
(
3Xjξkω¯ −Xj ξ¯kω + 2ξj ξ¯kU)+ ξil (2Xj ξ¯lξk +X lξj ξ¯k)
−2ξ¯irXjξkω − 2ξ¯ilξlXjξk
]
− ωr
4
, (69)
β ′ =
1
4d
ǫijk
[
X ir
(
Xj ξ¯k − ξ¯jξkω¯)−X il ξ¯lξ¯jξk
+ 2ξirX
j ξ¯kω¯ + 2ξil ξ¯
lXj ξ¯k
+ξ¯ir
(
2ξ¯jξkU −Xjξkω¯ −Xj ξ¯kω)+ ξ¯il (X lξ¯jξk − 2ξlXj ξ¯k)]+ ω¯r4 , (70)
ǫ =
ǫijk
4d
[
−2X irξj ξ¯k − ξir
(
Xj ξ¯k + ξj ξ¯kω¯
)− ξil ξ¯lξj ξ¯k
−ξ¯ir
(
Xjξk − ξj ξ¯kω)+ ξ¯ilξlξj ξ¯k], (71)
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ǫ¯′ =
ǫijk
4d
{
X ir
[
Xj
(
ξ¯kω − 3ξkω¯)− 2ξj ξ¯kU]−X ilXj (ξkξ¯l + ξ¯kξl)
+ ξir
[
Xj
[
ξ¯k (U + ωω¯)− ξkω¯2]− ξj ξ¯kUω¯]
+ ξil
[
Xj
(
X lξ¯k − ξ¯lξkω¯ + ξ¯lξ¯kω)− ξj ξ¯kξ¯lU]
+ ξ¯ir
[
Xj
[
ξk (U + ωω¯)− ξ¯kω2]+ ξj ξ¯kUω]
+ ξ¯il
[
Xj
(
X lξk − ξlξ¯kω + ξlξkω¯)+ ξj ξ¯kξlU]
+
1
4
(
2Ur + ξ¯
lωl − ξlω¯l + ω¯ωr − ωω¯r
)
, (72)
These relations, for a general null tetrad, generalize the equations of ref.
[9] that were derived for a standard tetrad.
C Proof of the main theorems
C.1 Proof of Theorem 3
In this first sub-section of the appendix we study the implications of the
definition of spacetimes which are monopolar with angular momentum of type
b. Since the definition is based on the rotating tetrad, one has to begin with
ψ01 = 0. Additionally one requires the Weyl tensor to satisfy ψ0 = 0, ψ
0
2 6= 0.
In the following proofs we refer to Einstein equations and Bianchi identities
as written in reference [9].
The first two radial equations for the spin coefficients are given by Sachs
optical scalar equations
∂ρ
∂r
= ρ2 + σσ¯ ,
∂σ
∂r
= σ (ρ+ ρ¯) . (73)
These equations can be written in terms of the matrix W =
[
ρ σ
σ¯ ρ¯
]
as
∂W
∂r
= W 2; (74)
whose solution is given by
W =
[
ρ0−r
R2
σ0
R2
σ¯0
R2
ρ¯0−r
R2
]
, (75)
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where R2 = (ρ0 − r) (ρ¯0 − r) − σ0σ¯0. In this case ρ0 is imaginary by the
conditions on the coordinate system (see equation (7)).
From the Bianchi identities equations ( (3.91) of ref. [9]) one obtains
∂ψ1
∂r
= 4ρψ1, (76)
which implies that ψ1 = ψ
0
1
(
1
R4
+O
(
1
R5
))
. However, in the rotating tetrad
ψ01 = 0, and thus ψ1 = 0. Therefore, we have that ψ0 = ψ1 = 0. Now the
Goldberg-Sachs theorem implies that σ = 0, and therefore ρ becomes
ρ = − (r + i A)−1 , (77)
where A = −i ρ0 is a real function of the angular coordinates to be deter-
mined.
From equations (3.52), (3.56) and (3.57) of ref. [9] we obtain:
τ =
τ0
r2 + A2
, (78)
τ ′ =
−τ¯0
(r + iA)2
, (79)
β =
β0
(r − iA) , (80)
β ′ =
β¯0
(r + iA)
− τ¯0
(r + iA)2
, (81)
where τ0 and β0 are, so far, undetermined functions of the angular coordi-
nates. From the torsion free conditions (54) and (56) in the appendix B the
radial dependence of the tetrad components ξi and X i is given by:
ξi =
ξi0
(r − iA) , X
i = X i0 −
(
τ0ξ¯
i
0 + τ¯0ξ
i
0
)
(r2 + A2)
, (82)
where ξi0 are to be determined.
The choice of asymptotic angular coordinates (see equation (10)) requires
X20 = X
3
0 = 0; while the quantities ξ
2
0 and ξ
3
0 are given by (8) and (9). The
value of ξ00 is going to be determined below.
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Given a quantity η of type {p, q} (see GHP formalism[8]), one can express
the action of the ð-operator in terms of the leading order operator ð0 (the
ð-operator on the unit sphere), as follows:
ðη =
ð0 (η)
(r − iA) + qτ¯
′
η , ðη =
ð0 (η)
(r + iA)
+ pτ
′
η. (83)
From equation (3.55) of ref. [9] we can determine the angular dependence
of the function τ0 in terms of the function A, as
τ0 = −ið0A. (84)
From equation (3.54) of ref. [9] we calculate the value of the spin coeffi-
cient σ′, namely:
σ′ =
ð0τ¯0
(r + i A)2
, (85)
and from the Bianchi identities (3.89) and (3.90) in ref. [9] we obtain
ψ2 =
ψ02
(r + i A)3
, (86)
together with
ð0ψ
0
2 = 0. (87)
Therefore, we can express ψ02 as ψ
0
2 = M + iB where M and B are two real
constants.
From (3.53) of ref. [9] one obtains
ρ′ =
ρ′0
(r − iA) −
ð0τ
′
0
(r2 + A2)
+
τ0τ¯0 + r (−M − iB)
(r + iA) (r2 + A2)
. (88)
For the case of a rotating tetrad, equation (59) of appendix B is an alge-
braic relation between ρ, ρ′ and U ; from which one can obtain
U = ρ′0 −
(
ð0τ
′
0 − ð0τ¯ ′0
)
2iA
− τ0τ¯0
(r2 + A2)
+
(
M − r
A
B
)
r
(r2 + A2)
. (89)
From equation (3.59) of ref. [9] we obtain ρ′0 = 1/2 and
2i (A+B) = ð0τ
′
0 − ð0τ¯ ′0. (90)
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This last equation implies, using (84),
ð0ð0A = − (A+B) , (91)
i.e. A is a combination of spherical harmonics up to ℓ = 1. Performing a
suitable change of coordinates at I+ one can write A as:
A = a cos (θ)−B; (92)
moreover, (91) implies ð0τ0 = 0 which together with (85) implies σ
′ = 0.
From eq. (3.58) of ref. [9] one obtains
ǫ
′
= ǫ
′
0 +
(
τ¯0β0 − τ0β¯0
)
(r2 + A2)
+
τ0τ¯0 (r − iA)
(r2 + A2)2
− M + iB
2 (r + iA)2
, (93)
and the asymptotic analysis of equation (53) and (58) implies ǫ′0 = 0.
From the torsion free conditions (58), in the leading order of the asymp-
totic expansion, one obtains
ξ00 = −τ0 = ið0A, (94)
and from (60), also in the leading order, it is deduced that
β0 = − 1√
2
∂
∂ζ
P0, (95)
and
2iAX00 = ð0ξ¯
0
0 − ð0ξ00 . (96)
According to equation (10), X00 = 1; therefore, the last equation plus (92),
and (94) imply B = 0.
Straight forward calculation of κ′ gives zero. Therefore the null vector n is
geodesic with zero shear (σ′ = 0). Then the Goldberg-Sachs theorem implies
that ψ3 = ψ4 = 0. We conclude then that the spacetime is algebraically
special of type D.
Finally the value of the tetrad components becomes:
ξi =
ξi0
(r − ia cos (θ)) , (97)
X i = δi0 −
(
τ0ξ¯
i
0 + τ¯0ξ
i
0
)
(r2 + a2 cos2 (θ))
, (98)
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U = −1
2
− τ0τ¯0
(r2 + a2 cos2 (θ))
+
Mr
(r2 + a2 cos2 (θ))
, (99)
where ξ00 = ið0A, and A = a cos (θ) .
This family of algebraic special solutions of type D corresponds to the
Kerr family. Notice that our tetrad is different from those appearing in the
text books by Hawking[11] and Wald[17] and in references by Newman &
Janis[12] and Demianski & Newman[6].
C.2 Proof of Theorem 5
The asymptotic conditions in definition 4 in section 5 for the electromagnetic
field allows us to follow the same path in the integration of the fields equation
as showed in appendix B for the vacuum case, all up to equation (84), since
the Ricci components appearing in the GHP equations up to this point all
vanish due to the conditions on the Maxwell field. With these partial results
Maxwell equations[15] reduce to:
∂φ1
∂r
− 2ρφ1 = 0, (100)
ðφ1 − 2τφ1 = 0, (101)
∂φ2
∂r
− ð′φ1 + 2τ ′φ1 − ρφ2 = 0, (102)
na∂aφ1 − ðφ2 + τφ2 − 2ρ′φ1 = 0. (103)
The first three equations can be written in terms of the spin coefficients
that where found before equation (84). Equations (100) and (77) imply
φ1 =
q
(r + i A)2
; (104)
equation (101) tells us that ð0q = 0, and so q is a constant. Equations (102),
and (77) imply
φ2 =
φ02
r + i A
. (105)
Equation (103) cannot be solved at this stage since we still don’t know the
form of the components of the null vector na. However, using the stationarity
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condition and the asymptotic form of equation (103)5 we obtain ð0φ
0
2 = 0
which admits φ02 = 0 as the only regular solution (since φ
0
2 has spin weight
−1 and therefore its expansion in spherical harmonics sYlm contains l ≥ 1).
Therefore,
φ1 =
q
(r + i A)2
, φ2 = 0, φ0 = 0. (106)
With this form for the electromagnetic field the rest of the equations in the
GHP formalism can be integrated in a similar manner as it was done in the
vacuum case. Additional terms appear, but the structure of the equations
remains unchanged. Moreover, the function A satisfies the same equation
(92) with B = 0, i.e., A = a cos(θ). The final result is:
ξi =
ξi0
(r − ia cos (θ)) , (107)
X i = δi0 −
(
τ0ξ¯
i
0 + τ¯0ξ
i
0
)
(r2 + a2 cos2 (θ))
, (108)
U = −1
2
− (τ0τ¯0 + qq¯)
(r2 + a2 cos2 (θ))
+
Mr
(r2 + a2 cos2 (θ))
, (109)
with ξ00 = ið0 (A). This null tetrad corresponds to the three parameter family
of Kerr-Newman solutions.
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